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In this paper, for a number of example systems, optimal schedules for simulated
annealing with amodified Tsallis statistics for various parameters q are analyzed. It
turns out that in general depending on the objective function (minimizing the mean
energy or maximizing the ground state probability), different schedules have to be
chosen. Furthermore, the optimal objective function value, reached with the optimal
schedule, shows a monotonic dependency on g, where better values are reached for
smaller g. Thus, in stochastic optimization thelimit caseq — —oo corresponding to
threshold accepting should be chosen in order to get the best possible optimization
results with as little effort as possible.  © 2002 Elsevier Science (USA)
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1. INTRODUCTION

In stochastic optimization, random walk agorithms with various acceptance rules are
used to find the ground state or energetically low lying states of complex systems or other
optimization problems. The prototype of these algorithmsisthe classical simulated anneal-
ing, introduced by Kirkpatrick et al. [10] and Cerny [3], which is based on the Metropolis
acceptance probability [13]. The Metropolis acceptance probability is widely used to sim-
ulate thermal equilibrium properties of physical systems. In the Metropolis algorithm a
“random walker” walks through the state space of the system in such a fashion that it
populates the states in the stationary distribution case according to the desired Boltzmann
distribution.

Technically to each state « an energy E,, isassigned. On the state space a neighborhood
relation, also called move class, is given; i.e., to each state o a set of neighbors N(«)
is defined. The neighborhood relation has to be symmetric; i.e., if « € N(B) then aso
B € N(a). Such arelation defines an undirected graph structure on the state space. On this
graph the random walk takes place. Being in a certain state o of the system, the random
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walker chooses a new state g out of its neighbors with a probability T1z, and accepts
the new state as the next state with a certain acceptance probability Pg,. This probability
depends on the energy difference AE = Eg — E, between the new and the old state and the
temperature T with which the system should bein equilibrium. Inthe Metropolis agorithm
this acceptance probability is

if AE <0,

1
Puo(AE) =4 1
Me(AE) {e‘TE if AE > 0, @)

where T is measured in terms of energy; i.e., kg = 1.

In the implementation of the algorithm the computation of the acceptance probability
needs the evaluation of an exponentia function in each step of the random walker. Thus,
Leary and Doye [12] considered downward moves only in their bassin-hopping algorithm
and restarted the searching algorithm with different starting points.

Ancther possibility for speeding up the computation is to consider simpler acceptance
probabilities. Dueck et al. [4] and Moscato and Fontanari [14] changed the Metropolis
acceptance probability when stepping upward in energy from an exponential to a step
function, i.e.,

1 ifAE<T,

2
0 fAE>T. &)

Pra(AE) = {

This means that upward moves are only accepted up to a certain threshold T. By removing
the computation of the exponential function, the algorithm became faster, and it even seems
to yield the same if not better solutions than the Metropolis algorithm when used as an
optimization algorithm. The algorithm with acceptance probabilities (2) is called threshold
accepting.

Another technique has come up in the context of the discussion of the generalized ther-
modynamics, which wasintroduced in [17] and widely investigated since then (see[1] for a
review on thistopic). It has been used with great successin the analysis of various systems
such as tetrapeptides [2], Ni-clusters [20], atomic interaction [8], and the traveling sales-
man problem [15]. Penna[15] and Tsallis and Stariolo [18] suggested a Tsallis acceptance
probability of the form

1 if AE <0,
1
Py(AE) = (1—}(;3.%)1*“ if AE>0 and 194E <1, 3
i 1-q AE
0 if AE >0 and @ T > >1,

depending on an additional parameter q # 1. Originaly the function f(q) = 1 was used
in generalized simulated annealing and fast simulated annealing (see for instance[11, 19]).
In[7] itisshown that the Tsallis acceptance probability can be modified using the function

_[2—q forg<2,
@ = {1 forg>2 @)

such that for g < 2 the integral over the probabilities to go upward in energy is equal to
the temperature, analogously to Metropolis or threshold accepting, whereas for g > 2 the
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original Tsallis acceptance probability isrecovered. Thelimit g — 1yieldsthe Metropolis
acceptance probability, analogously to the origina Tsallis acceptance probability (3), but
furthermoreq — —oo givesthreshold accepting [7]. In thefollowing, P; and P_, refer to
Metropolis and threshold, respectively.

Based on the acceptance rule (3) the time development of p!, the probability to be in
state o at time step t, is described by the master equation

Pt = Tap(ThHpl, (5)
B

with the transition probabilities Tps (T') = Myp x Pq(AE). Here I,z isthe probability of
selecting the neighbor o being in state 8 and Py (A E) is the acceptance probability (3).

The simplest case for I, is a uniform selection probability 1/|N(8)| where every
neighbor isselected with equal probability. A different choiceisneeded for complex systems
with a huge number of states. Such systems can be simplified by lumping together states
with equal energies and equal neighborhoods. In the simplified system each state « has a
degeneracy g,, which is a natural number counting the states that are lumped together to
state «. For such systems an often and here used choice for T, is

HW:C{O ifa ¢ NB),
g ifae N(),

where c is aconstant setting the overall time scale.

The parameter T in (3) is till called temperature in analogy to the classical Metropo-
lis acceptance probability (1). For T = oo all moves are accepted; i.e., ['qg(00) = Igg.
The lower the temperature becomes, the lower the probability to move upward in energy
becomes. Findly, for T = 0, only moves downward in energy are accepted.

When using the modified Tsallis statistics in simulated annealing, of course as in the
classical simulated annealing a gorithm with Metropolisacceptance probability (1), thefinal
value of the objective function after agiven number of optimization steps strongly depends
on the chosen temperature sequence. Thus, the question arises as to which temperature
scheduleisoptimal. For alot of example systems, different annealing schedul es, sometimes
asowithvaryingthe Tsallisparameter q, areanalyzedintheliterature (seefor instance[11]).

While determining optimal temperature schedules for arbitrary complex optimization
problems is beyond the current scope, we here analyze some simple example problems.
Using adiscreteversion of optimal control theory [5], theoptimal schedulefor theseexample
systemsis computed, and the dependency of these schedules and the resulting value for the
objective function on the Tsallis parameter g will beinvestigated. We consider two different
objective functions: minimizing the final mean energy E and maximizi ng the probability
Pcs to bein the ground state at the end.

2. DISCRETE OPTIMAL CONTROL THEORY

We start with a given probability vector p°. The dynamics of p' are given by the master
equation (5). Under this restriction, an optimal temperature schedule has to be determined
such that after a given number N of time steps the objective function

f=£"p" (6)
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isminimal. If wewant to minimizethefinal mean energy, thenthevector Ein (6) containsthe
energies of all states, whereas for maximizing thefinal ground state probability Egs = —1,
and all other components of E are zero.

Introducing L agrange parameters [5] the objective function (6) can be written as

N—-1
f = ETPN + Z(A-t+l)T(£(Tt+l)pt _ pH-l)
t=0

N-1 N-1
— (ET _ (AN)T)pN _ Z(At)Tpt + Z(At+l)T£(Tt+l)pt~
t=1 t=0

Thefirst variation of the objective function is

N—-1
st = (BT — (aMNspN + ) (a"HTLath — ahHh sp'
t=1
N-1 a(At+1)T£(Tt+l)pt

t+1
+ « oTt+1 §T ’
t=

which has to be zero in the minimum. This resultsin
A.N — E A.t — E(Tt+1)TAt+1

and (AT (THY) pt hasto bein aminimum according to T+, Under these conditions
an iterative procedure to compute the optimal temperature schedule is developed in [5].
Starting with an arbitrary temperature sequence T11=0, T21=0 TN.i=0 thisalgorithm
goes asfollows, wherei denotes the iteration index:

1. Compute ptt1i=0 = L(THLI=0)pti=0 t — 0,1, ..., N — 1.

2. Compute A4 =LC(THHTAY t=N,N—-1,...,2

3. Compute Tt+Li+1 gychthat (A1) TL(TtHLiI+1) pti+1 hasaminimum and determine
prLitt — p(THLIH) phi+l = 0,1, ..., N — 1. Note that p®i*1 isgiven.

4. Compare fi+1 with the previous value f'. If the difference is smaller than a chosen
accuracy, then stop the iteration; otherwise increasei and go back to 2.

In order to apply this agorithm effectively we transformed the control variables T into
x =e YT [0, 1],wherex = 0and x = 1correspondto T = Oand T = oo, respectively,
and we divided the possible range [0, 1] for x into 1000 parts. For the resulting values
x = 0,0.001, 0.002, ..., 0.999, 1 we precomputed the transition matrix L(x). The opti-
mization is simply done by testing all possible 1001 x-values. This significantly speeds up
the computation.

3. OPTIMAL SCHEDULESFOR TEST PROBLEMS

3.1. A SimpleThree State Barrier System

Let us first anadyze a ssimple example of a three-state barrier (Fig. 1a) considered in
[9]. Such a system is the smallest building block of a complex system which consists of
many different energy barriers. As in [9] the state with the highest energy is a lumped
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FIG.1. (a)Barrier examplesystem with three statesand (b) hierarchical barrier example systemwith 15 states
and three different types of barriers.

state such that the degeneracy of this state is 2. Here we fix the highest energy value to
be 10.

For various parameters g and 100 optimization steps, the optimal temperature schedules
are computed for the two objective functions (minimizing the final mean energy and maxi-
mizing the final ground state probability). These schedules do not depend on the objective
function and can be seenin Fig. 2a. For all g valuesthetemperaturein thelast stepischosen
to be zero. Hence, in the last step all the probability flows down from the state with the
highest energy, such that the mean energy at theend is E = 1 — pgs. Thus, for thissimple
example system minimizing Eis closely related to maximizing pes.

Thefinal objective function valueis plotted over the parameter g in Fig. 2b. These values
show a monotonic dependency on g, becoming better for smaller g values. Hence, for this
simple examplethreshol d accepting seemsto be the most successful optimization technique.
Thisisremarkable because threshold accepting is computationally much cheaper compared
to Metropolis or Tsallis, since the complicated acceptance rule (3) is replaced by asimple
step function. So for this simple example the cheapest algorithm gives the best optimization
result.
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FIG. 2. (&) Optima schedules for the three state barrier for c = 0.25 and q = 1.5(A), 1, 0.5, 0,—0.5, —1,
—1.5, —oo(+) and (b) the corresponding final ground state probability (+) or final mean energy (x).



OPTIMAL SCHEDULES FOR TSALLIS STATISTICS 201

CYRE 1

temperature T
end mean energy

0 ) ) ;
0 2000 4000 6000 8000 10000
optimization step q

FIG.3. (a) Optimal schedulesfor the hierarchical barrier system for minimizing thefinal mean energy forq =
1(0), 0.5(x), —0.5(x), —oo(+) and (b) the corresponding final mean energy values.

3.2. A Hierarchical Barrier System

Inreal systemsnormally there are alot of energy barriers, each having adifferent height.
Therefore, the next example systemisahierarchical tree composed of three different barrier
types, as shown in Fig. 1b. The degeneracy is chosen to be an exponentia function of the
energy of the states

Oo = 2E(a)

since for many physical systems densities of states exponentially increasing with energy
have been found (see [16]).

Asinthe previous examplewe computed optimal annealing schedulesfor various param-
eter values q for both minimizing the final mean energy and maximizing the final ground
state probability. The results can be seen in Figs. 3 and 4. Since the number of states and
barriersis larger than in the previous example, 100 optimization steps are much too little;
for 100 steps we would always get constant schedules. Therefore, we increased the number
of steps to 10,000. Since the computation for such a large number of steps takes a lot of
time we iterated the transition matrix four times; i.e., we did 2* = 16 optimization steps at
once with the same temperature.

The annealing schedules become more and more step functions for decreasing q, indi-
cating that in the beginning probability istransported over the highest barrier. In the middie
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FIG. 4. (a) Optimal schedules for the hierarchical barrier system for maximizing the final ground state pro-
bability for g = 1(0J), 0.5(x), —0.5(x), —oo(+) and (b) the corresponding end ground state probability values.
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of the schedule probability istransported over the second highest barrier and after that only
transport over the lowest barrier is possible. When minimizing the final mean energy the
last optimization steps are done with T = 0 such that the probability flows as far down as
possible without crossing barriers any more, i.e., the random walkers go to the nearest local
minimum of the energy function. Thisis not necessary when maximizing the final ground
state probability, then only going up AE > 2 has to be forbidden in the last step. Hence,
for the hierarchical barrier system obviously the optimal schedules for the two different
objective functions are different, as can be seenin Figs. 3aand 4a.

In the threshold accepting case g = —oo, due to the energy differences AE = 1,2,4,8
occuring in the hierarchical barrier system, all temperatures between two successive AE
values are equivalent. Hence, the optimization step 3 (see Section 2) would give a whole
interval of optimal temperatures. Theimplementation by testing 1001 values of course gives
one of the end points of the optimal interval. When the transport over a larger barrier is
nearly finished and we switch to the next smaller barrier, there is a certain time interval
when two successive temperature intervals become nearly equivalent. Then the computed
optimal schedules show several jumps up and down (see Figs. 3a and 4a), which are of
course numerical effects. These jumps can aso be seen for finite small q values: Since the
transition probabilities convergeto step functionsfor g — —oo they are also step functions
for small q values due to afinite accuracy in the computer.

As in the previous example the optimal final values of the objective function depend
monotonically on q, becoming better for smaller g (Figs. 3b and 4b). So also for this more
complex example system, the cheapest algorithm gives the best optimization result.

3.3. Random Systems

The previous two example systems showed an interesting monotonic dependency of the
optimal objective function value, reached with the optimal schedule, on the parameter q.
Hence, the question arrises if thisis a general property or if thisis afeature of the simple
example systems. In order to check this behavior we analyzed random systems; i.e., we
constructed a given number of states with random energy values and random neighborhood
relations, as considered in [6]. The degeneracies are again chosen to be exponential in
energy, i.e.,

0w = LeE(a)J s

where | €@ | denotes the largest integer not larger than 5@,

We considered 10 different systems, each with 100 states and various connection ratios.
A connection ratio r means that from a complete neighborhood relation, where each state
is a neighbor of each other, every neighborhood connection is chosen with probability r.
We varied the connection ratio r between 0.03 and 0.3; i.e., we chose connection ratios of
03,23 93 .. %3 93 —0.03.Forvariousq valueswecomputed theoptimal schedul efor
minimizing the final mean energy or maximizing the final ground state probability. Since
the state space is much larger than for the hierarchical barrier system we did 4,096,000
optimization steps (always 4,096 at once with the same temperature). The corresponding
objective function values reached at the end are shown in Fig. 5. The final mean energy of
course depends on the energy values of the statesin the system and therefore largely differs
for different systems. Thus, we considered the difference to the ground state energy and
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FIG.5. (a) Final mean energy and (b) final ground state probability reached with the optimal schedule for 10
different random systems.

plotted the ratio of the final mean energy and the mean energy of the system for infinite
temperature.

Both objective functions show a nearly monotonic dependence on q. The limit q —
oo corresponding to threshold accepting yields the best optimization result also for these
random systems.

4. CONCLUSIONS

Inthis paper weinvestigated for amodified Tsallis statistics the optimal annealing sched-
ule for minimizing the final mean energy and for maximizing the final ground state proba-
bility. The aim wasto find out whether the objective function hasan influence on the optimal
annealing schedule and how the objective function value after a given number of optimiza-
tion steps, carried out with the optimal annealing schedule, depends on the parameter q.

For a simple three-state barrier we found agreement with [9]. There it was shown that
minimizing the mean energy and maximizing the final ground state probability for this
system is equivalent for Metropolis statistics. Here we found that also for the modified
Tsallis statistics for all investigated parameter values g, the optimal schedules for both ob-
jective functions are the same. On the other hand, the hierarchical barrier system showed
significantly different optimal schedules. Thus, we can conclude that in general the opti-
mal schedule will not be independent of the objective function. This of course is also the
case in classical smulated annealing with Metropolis acceptance probability or threshold
accepting.

Considering the objective function value reached after a given number of optimization
stepsasafunction of g we see anearly monotonic behavior: thefinal mean energy increases
with q, whereas the final ground state probability decreases with g. The final objective
functionvalueisalwaysbestforq = —oo. Letusrecall that thecaseq = —oo correspondsto
threshol d accepting, where computing thetransition probabilitiesismuch cheaper compared
to afinite g value.

Stochastic optimization is normally applied to complex systems with a huge state space,
thusalarge number of stepsin arandom walk isnecessary to get good optimization results.
Sincein every step atransition probability hasto be determined, the computational effort for
determining this probability isof great importance. So our resultslead to the conclusion that
in order to get best possible, optimization results with as little effort as possible, threshold
accepting should be preferred to Tsallis statistics (including Metropolis).
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